We present a new method to evaluate with high precision leading isospin breaking effects due to the small mass difference between the up and down quarks using lattice QCD. Our proposal is applicable in principle to any hadronic observable which can be computed on the lattice. It is based on the expansion of the path-integral in powers of the small parameter m d − mu. In this paper, we apply this method to compute the leading isospin breaking effects for several physical quantities of interest: the kaon meson masses, the kaon decay constant, the form factors of semileptonic K 3 decays and the neutron-proton mass splitting.
Introduction
In the past, isospin breaking effects due to the light quarks mass difference (in the following referred to as QIB effects for QCD isospin breaking effects) have been accommodated within the chiral perturbation theory (χpt) framework (see [1] [2] [3] [4] [5] [6] for a largely incomplete list of references on the subject), while several attempts to compute electromagnetic effects for the hadron spectroscopy in lattice QCD have been presented [7] [8] [9] [10] . It is very difficult to take into account in numerical simulations QCD isospin breaking (see refs. [11] [12] [13] [14] [15] for a selection of previous lattice works on the subject) because the effect is in general rather small and comparable with the errors in the determination of, say, the meson masses or decay constants. Furthermore, in order to perform unitary dynamical simulations of two light quarks of different mass the single quark determinant must be positive and this happens only in the case of lattice discretizations of the fermion action that are very expensive from the numerical point of view.
In this paper we present a new method to compute the leading QIB effects with high precision. The method is based on the expansion of the lattice path-integral in powers of the small parameter m d − m u and is applicable in principle to any hadronic observable which can be computed on the lattice. As a first application, and to show that the method works, we have applied it to the computation of the leading QIB effects for several physical quantities of interest: the kaon meson masses, the kaon decay constants, the form factors of semileptonic K 3 decays and the neutron-proton mass splitting. In the future we plan to apply the method to other physical quantities, to include QED corrections and to try also the calculation of next-to-leading corrections such as the π + -π 0 mass difference.
The main physical results of this work are
6.05 × 10 3 MeV 2 ,
and the QIB corrections to semileptonic decay rates discussed in sec. 7 . In previous equations the lattice error (the one in the first parenthesis) has been obtained with a rather modest statistics, ∼ 150 gauge field configurations, and can be reduced in the future. Most of the systematic error comes from the ambiguity in the definition of the electromagnetic corrections (see uncertainties in the second parenthesis). In this study we have extracted the m d − m u mass difference in QCD by using as an external input the QIB effect in the kaon masses, [M
QCD . This quantity requires in turn a definition of the electromagnetic isospin breaking corrections that we have taken from other calculations, as explained below in the paper, and that will be treated more properly in the future. The result for the neutron-proton mass difference has been obtained at fixed lattice spacing and will be improved in a separate publication.
Next-to-leading QIB corrections, i.e. second or higher orders in the (m u − m d ) expansion, have not been calculated in the present paper. The associated effects are estimated to be negligible at the current level of (both theoretical and experimental) precision on flavour physics observables. Indeed, on the basis of dimensional arguments, higher orders corrections are expected to be suppressed by additional powers of the small expansion parameter (m d − m u )/Λ QCD . The actual numerical size of the leading order contributions presented in eq. (1) is consistent with this power counting expectation. Clearly, we cannot exclude the existence of specific observable for which higher order QIB effects may be larger than expected. Nevertheless if necessary, the method suggested in the present paper can be extended to evaluate higher order contributions as discussed, for example, in sec. 3 for the π + -π 0 mass splitting.
In the case of M 2 K and F K , we quote also the first order derivatives with respect to m d − m u ,
so that one can use his/her preferred value of the up-down mass difference to get the physical QIB effect.
The paper is organized as follows: in sec. 2 we introduce the method and set our notation. In sec. 3 we derive the correlation functions needed to extract isospin breaking effects whose calculation is discussed in detail in the remaining sections. In particular, in sec. 4 we study kaon two point correlation functions and in sec. 5 we discuss electromagnetic isospin breaking effects and extract m d − m u and F K 0 − F K + . In sec. 6 we calculate the neutron-proton mass difference while in sec. 7 we discuss the calculation of isospin breaking effects for the K 3 form factors. Our conclusions and outlooks are given in sec. 8. Some technical details are discussed in the appendices.
Description of the method
In this section we present the basic ingredients of our method, which is simply based on a perturbative expansion in the small parameter (m d −m u )/Λ QCD . Let us start by considering the evaluation of a generic euclidean correlation function O used to extract information about physical quantities as masses, decay constants, form factors etc.,
where Dφ represents synthetically the full functional integration measure of the theory. By neglecting for the moment electromagnetic corrections and possible isospin breaking terms that may arise because of lattice artifacts with particular choices of the lattice fermion action, we can write the Lagrangian density as a term which is SU (2) V symmetric plus a term which violates the isospin symmetry.
where
. By expanding at first order the exponential of the action, S = x L(x), with respect to ∆m ud we obtain
where · 0 represent the vacuum expectation value in the isospin symmetric theory andŜ is the isospin breaking term,Ŝ
The correction in the denominator vanishes, Ŝ 0 = 0, because of isospin symmetry. Concerning the Wick contractions of the correlation functions OŜ 0 , isospin symmetry makes also to vanish some fermionic disconnected contributions of the form
since these are proportional to the trace of the flavour matrix τ 3 . We can now describe a general recipe to be used in order to compute leading QIB effects on the lattice:
• consider a given correlation function in the full theory, i.e. with m u = m d , and for each gauge configuration draw all the fermionic Wick contractions;
• expand the up and down quark propagators with respect to ∆m ud according to
• retain the terms linear in ∆m ud and compute the corresponding diagrams (or fermionic Wick contractions).
In the following sections we shall discuss in detail how to extract physical information from the resulting correlation functions. To this end we need to set the notation we are going to use in drawing diagrams. Eqs. (8) can be represented diagrammatically as follows
where here and in the following the up quark line in the full theory is drawn in light blue color while the down quark line in green. All the black lines refer to G , the propagator with the symmetric mass m ud in the isospin symmetric theory whose square, entering eqs. (8) , can be easily calculated on the lattice by using G itself as the source vector of a new inversion.
The insertion of the scalar density is represented by a cross according to
with either u or d. Here and in the following the superscript L stays for bare lattice quantity. In particular we have
where Z ∆m is scale and scheme dependent while the combination ∆m ud z¯ (z) (z) is renormalization group invariant. According to eq. (5), a generic correlator OŜ 0 with a single insertion of the isospin breaking term can be obtained from O , a correlator in the full theory, as the derivative of the latter with respect to ∆m ud evaluated at ∆m ud = 0. It follows that, by working within a mass independent renormalization scheme, OŜ 0 is finite provided that O andŜ have been separately renormalized. By iterating the previous argument it can be easily understood that the connected parts of correlators with multiple insertions of the renormalized operatorŜ are finite.
In this paper we have applied the method discussed above by using the so called Twisted Mass lattice discretization of the QCD action. This choice has advantages and drawbacks. The big advantage is automatic O(a) improvement. The drawback is the breaking of isospin symmetry at finite lattice spacing even with ∆m ud = 0. The associated O(a 2 ) cutoff effects are eliminated by performing continuum extrapolations. Since our method is general and can be applied with any lattice regularization of the quark action (e.g. Wilson, Overlap, etc.), in the main body of the paper we illustrate our results without entering into the specific details of the Twisted Mass fermion action that we discuss in Appendix A.
We close this section by explaining the notation used in the following to express and calculate variations of correlation functions and matrix elements. To this end it is useful to introduce the following operators acting as absolute variations
and the corresponding relative variations
Here O(f ) and O(b) are quantities calculated with the light quark propagators at first order in ∆m ud , while O(i) is the corresponding quantity calculated in the unperturbed isospin symmetric theory. The labels f (forward), b (backward) and i (iso-symmetric) are generic. More precisely, f will stand for
when we shall discuss in turn quark masses, kaon masses and decay constants, the neutron and proton masses, the semileptonic decay D → K ν and the semileptonic decay K → π ν. Correspondingly b and i will represent
where N stands for nucleon.
Correlation functions at first order
In this section we shall derive the correlation functions that need to be calculated in order to extract the leading QIB corrections to meson masses and decay constants, nucleon masses, and to the form factors parametrizing semileptonic meson decays. In particular, we shall consider the following two point correlation functions
and the following three point correlation functions
In previous expressions C denotes the charge conjugation matrix while abc the totally antisymmetric tensor in color space.
A first trivial observation comes from eq. (7) telling us that all the quantities that do not involve a light valence quark propagator do not get corrected at first order in ∆m ud . This is the case for example of heavy-heavy and heavy-strange meson masses and decay constants, etc. Pion masses and decay constants too do not get corrected at first order. This can be shown diagrammatically for the charged pions two point function
and for the connected diagrams entering neutral pion two point function C π 0 π 0 (t),
It is easy to show that the first order corrections cancel also for the disconnected diagrams contributing to C π 0 π 0 (t) in the full theory, a known result that can be understood in terms of isospin quantum numbers. The Wigner-Eckart reduced matrix element of the operatorŜ between pion states is indeed zero for Gparity,
This is certainly not the case at second order where the relevant O(∆m ud ) 2 diagrams are
For flavoured mesons first order corrections to masses and decay constants are instead different from zero. Here we discuss the case of strange particles but the discussion proceeds unchanged if the strange is replaced with a charm or a bottom quark. The QIB correction to the two point correlation functions of the strange mesons are
In the diagrams above and in the following the strange quark line is red. Note that the correction to the neutral mesons is equal in magnitude to that to the charged particles, ∆ f C KK (t) = ∆ b C KK (t) = ∆C KK (t).
We now consider first order corrections in the case of nucleon masses. The neutron-proton mass difference can be extracted at first order in ∆m ud by the diagrammatic analysis of C ± nn (t) and C ± pp (t),
As usual this is obtained by expanding all the light quark propagators appearing into the correlation functions. Also in this case we find
Concerning the form factors parametrizing semileptonic decays, we start by considering a charmed meson decaying into a strange meson. The discussion would proceed along the same lines in the cases of B → D transitions. The charm quark line is drawn in yellow. We get
As for the correlation functions analyzed above the correction is equal in magnitude between the two processes, because the weak flavour changing current does not contain a light quark field. From the previous two equations one can extract f
. At present the experimental and theoretical uncertainties on this quantity are such that QIB effects can be safely neglected but we have chosen to discuss these processes first because of their simplicity. Indeed, the phenomenologically relevant K → π case involves disconnected diagrams 1 that complicate the analysis.
The expansion of
The correction in the K + → π 0 l + ν case is obtained from the correlation function C µ K + π 0 (t) in the full theory, whose disconnected diagrams survive at first order in ∆m ud ,
The correction to
From eqs. (26) and (25), one can extract f
. At q 2 = 0 this quantity has been estimated by using the measured form factors and chiral perturbation theory [16] ,
and found of the same size of the deviation from unity of the form factor at q 2 = 0, being f Kπ
Kaon masses and decay constants
In this section we discuss in detail the strategy used to derive the isospin corrections to the kaon masses and decay constants. To this end we start by considering the Euclidean correlation functions of eqs. (22) both in the full theory and in the isospin symmetric one. The spectral decomposition of
where the dots represent sub leading exponentials and where |n ∆ and E ∆ n are the states and the eigenvalues of the perturbed theory corresponding respectively to |n and E n in the isospin symmetric unperturbed theory. These are related at first order in perturbation theory with respect to ∆m ud according to
Explicit expressions for ∆E K and |∆K are derived in Appendix B. By substituting eqs. (29) into eq. (28) and by recalling the diagrammatic analysis of eqs. (22) we obtain
where ∆G K = 0|sγ 5 (0)|∆K . Note that the insertion of the QIB termL constitutes a flavour diagonal perturbation and that, consequently, the kaons are the lightest states contributing both to C KK ( p, t) and to ∆C KK ( p, t). The analysis would be considerably more complicated in the case of a perturbation (typically insertions of the weak hamiltonian) opening a decay channel for the kaons because the physical information would be hidden into sub-leading exponential terms.
In our case, by studying the ratio of the two correlators of eqs. (30),
it is possible to extract the leading QIB corrections to kaon energies and decay constants. Indeed ∆E K appears directly in the previous equation as the "slope" with respect to t whereas δF K can be extracted from the "intercept" according to
On a lattice of finite time extent T with quark fields satisfying anti-periodic boundary conditions along the time direction and given our choice of the kaon source and sink operators, the pseudoscalar densities, eq. (31) has to be modified according to As can be seen from Figure 1 , δC KK ( p, t) is determined with high precision, given the strong statistical correlation existing between the numerator and the denominator of the ratio in eq. (31) . A consistency check of our procedure consists in verifying the dispersion relation
. Excellent agreement is found between numerical data and the theoretical curves shown in Figure 2 both for E 
and its correction at first order in ∆m ud .
We shall now discuss the chiral and continuum extrapolations. Concerning chiral extrapolation, it is useful to consider the correction to the meson mass square because this is a finite quantity in the chiral limit. The chiral formulae for ∆M 2 K and δF K have been obtained long ago, in ref. [1] , within the unitary
where B 0 , F 0 and L r i are low energy constants while
In view of the poor convergence properties of SU (3) L × SU (3) R effective theory and also to cope with the fact that our results have been obtained by quenching the strange quark (N f = 2), we have chosen to fit our data with the formulae resulting by expanding the r.h.s. of eqs. (35) with respect to m ud /m s (see ref. [17] for a detailed and quantitative discussion of this point). This procedure is justified when the average light quark mass is sufficiently small compared to both Λ QCD and the (valence) strange quark mass, as it appears to be the case by looking at our data shown in Figure 3 .
More precisely, in the left panel of Figure 3 we show the combined chiral and continuum extrapolation of ∆M light quark mass (see Appendix A), do not show a visible dependence with respect to m ud that can be quantified within the quoted errors. These errors combine in quadrature the statistical error and the systematic one coming from the uncertainties on the lattice spacing and from the renormalization constants (see Appendix A). We have consequently fit the numerical data to the following functional form
QCD is a constant thus representing the physical value of this quantity in the continuum limit and at the physical light quark mass. We have also performed a fit of the numerical data by adding to the previous expression a linear and a (chiral) logarithmic term. In this case we have checked that the fitted coefficient of the chiral logarithm is compatible within its (large) error with the value −B QCD within the associated errors and we consider the difference between the central values as an estimate of the chiral extrapolation systematics, an error of about 3% that we have added in quadrature to the lattice uncertainty.
In the case of δF K /∆m ud , right panel of Figure 3 , the dependence upon m ud is significant within quoted errors (again combining in quadrature statistical and systematical ones) and we have included in the fitting function the leading and next-to-leading terms appearing in eqs. (35) expanded in powers of m ud /m s plus a lattice artifact term, i.e.
The systematics associated to this extrapolation has been estimated by replacing the (chiral) logarithmic term appearing into the previous expression with a quadratic term and it has been found of the order of 5%.
The value m QCD ud = m QCD ud (M S, 2GeV ) = 3.6(2) MeV has been taken from refs. [18, 19] . The fitted
will be used in the next section to obtain our physical results for ∆m
(M S, 2GeV ) and
Electromagnetic corrections and m d − m u
In this section, by using as input the experimental determination of M
When comparing the theoretical predictions with the experimental numbers we cannot neglect the isospin breaking corrections induced by electromagnetic interactions. In the literature, it has become popular to separate electromagnetic and QIB effects and to give separately the theoretical value of these two contributions. Different calculations of the electromagnetic corrections, performed on the lattice or within other non-perturbative approaches, are also often compared [18] . However the separation of the electromagnetic and strong QIB effects is ambiguous [20, 21] , i.e. the different contributions depend on the definition by which they are separated, whereas they do not correspond to any physical observable because of ultraviolet divergences.
If we work at first order in the QED coupling constant and ∆m ud and neglect terms of O(α em ∆m ud ), the relevant diagrams entering the difference of kaon two point functions are
The electromagnetic corrections to C KK (t) are logarithmically divergent, corresponding to the renormalization of the quark masses 2 , and the divergent part has two components: one proportional toqq and the other proportional toqτ 3 q. Alternatively one can treat electromagnetism on the lattice to all orders by exploiting the QED non compact formulation [7] but, in any case, two independent renormalization conditions have to be imposed in order to fix the counter-terms and separately renormalize the up and down quark masses. This can be achieved by matching the physical masses of the charged and neutral kaons of the present example (the mass of the strange quark could be eventually fixed by the mass of the Ω − baryon). Having extracted the light quark masses, i.e. m ud and ∆m ud , one can predict F K 0 −F K + , the proton and neutron masses and all the other observables by including "physical" isospin breaking effects.
In this paper we only consider the QCD corrections because we want to show that our method works for this part (we shall present a proposal for the O(α em ) corrections in a separate paper). This is equivalent to say that we follow the common procedure of separating the two isospin breaking contributions by switching off electromagnetism. Obviously the attempt to use physical quantities to fix ∆m QCD ud fails, since there are no data with electromagnetic interactions switched off and, for this reason, we shall use the definition and determination of the electromagnetic corrections worked out by other groups.
According to Dashen's theorem [22] , electromagnetic corrections are the same in the chiral limit for M
π + while, as discussed in the previous sections, pion masses are not affected by first order QCD corrections. Beyond the chiral limit it is customary [18] to parametrize violations to the Dashen's theorem in terms of small parameters and, concerning M
where we have neglected QCD contributions of the second order O(∆m 2 ud ) in the pion mass difference. By using chiral perturbation theory and results from lattice QCD calculations of the electromagnetic corrections [7] [8] [9] [10] , ref. [18] estimates
On the one hand, it is important to realize that to fix a value for the electromagnetic term ε γ is equivalent to define a prescription to separate (first order) QCD and QED isospin breaking effects and that for this reason we might ignore the error on this quantity. On the other hand, one may wonder whether the different results combined in ref. [18] have really been obtained by using the same prescription. For this reason, in the following, we shall quote our results by considering the error on ε γ as a way of taking largely into account this "scheme uncertainty" (see ref. [20] for a detailed discussion of this point). 
By using eqs. (42) and the results for [∆M
where the first error comes from our calculation and combines in quadrature statistics and systematics while the second comes from the uncertainty on ε γ .
At first order in ∆m ud , thanks to the fact that pions don't get corrections and that K + and K 0 get opposite corrections, we have
a value that is higher than the estimate obtained in ref. [6] by using chiral perturbation theory, namely
Nucleon masses
Having determined ∆m
QCD ud
, we can now predict the QCD isospin breaking corrections on other observables, as already done in the previous section for the kaon decay constants. In this section we calculate the difference between the masses of the neutron and of the proton. We consider the correlation functions C ± nn (t) and C ± pp (t) at zero momentum (see eqs. (16)) and, in order to decrease statistical errors, we extract nucleon masses from the combinations
The quark fields entering the sink interpolating operators have been "Gaussian smeared" according to
with the parameters α g and n g fixed at the values optimized in ref. [23] where the same gauge configurations of this study have been used.
The extraction of physical informations from nucleon euclidean two point functions proceeds along the same lines described in detail in the case of the kaons. By using the diagrammatic analysis of eqs. (23) we have where the dots represent sub-leading exponentials contributing to the correlation functions. By extracting the slope in t of δC N N (t), we can determine ∆M N = (M n − M p )/2. In the left panel of Figure 4 we show the effective masses In Figure 5 we show the chiral extrapolation of ∆M N /∆m ud performed by using the following fitting function [24] 
By using the results of the fit and the value of ∆m QCD ud given in eqs. (43), we get
where the first error takes into account the lattice uncertainties while the second comes from the uncertainty on ε γ . This number is our best estimate at present but it has been obtained at fixed lattice spacing and with limited statistics. We plan to refine the calculation in a separate publication.
Semileptonic decays
In order to illustrate our calculation of the QCD isospin breaking corrections to the form factors parametrizing semileptonic decays, we start by the following "double ratio" of three point correlation functions [25] ,
where the correlators at numerator are given by
while those at denominator are
By using the previous expressions and the conservation of flavour diagonal vector currents, Z V n|V 0 |n = 2E n , we obtain the well known and useful result
i.e. the fact that, by neglecting sub leading exponentials, R µ D + K 0 (t) is a constant with respect to t from which it is possible to extract the matrix elements with high statistical accuracy, thanks to the statistical correlation between the different correlation functions. The form factors can be extracted by using the standard expressions of the matrix elements computed at different initial and final meson momenta (with p i = 0 and/or p f = 0)
where as usual f
can be expressed in terms of the scalar form factor
Matrix elements with non vanishing momentum transfer between initial and final states have been computed by using flavour twisted boundary conditions for the valence quarks [26, 27] .
A very important observation concerning the calculation of isospin breaking corrections is that R µ D + K 0 (t) in eq. (55) has the same form, when expressed in terms of diagrams, not only in the perturbed theory (the one discussed up to now), but also in the unperturbed isospin symmetric theory. This happens, as in the case of two point correlation functions, becauseL does not generate decays of the D or K mesons. Thanks to this observation we simply have
From the expressions of the form factors in terms of the matrix elements K|V The calculation of δf Kπ ± (q 2 ) proceeds along similar lines but there are some important differences that require a separate and detailed discussion. The starting point are the following diagrams for R µ Kπ (t) and its variation, see eqs. (25) and (26),
Note the differences of eqs. (59) with respect to eqs. (58), i.e. the presence of disconnected contributions and the absence of the correction to the pion correlation function (all black quark lines) in the denominator of R µ Kπ (t). The latter is a consequence of the vanishing of the QIB corrections at first order in ∆m ud in the pion case.
In this work we have not calculated disconnected diagrams and we cannot show results for δf Kπ ± (q 2 ). These will be given in a separate publication but, for the time being and in order to show that our method works also in the case of three point functions and form factors, we have calculated the difference of f
. This is a quantity that cannot be measured directly because the missing contribution,
, is neither equal nor related in a simple way to δ f f Kπ + (q 2 ). The two different contributions are in fact associated to two independent isospin channels and, according to ref. [28] , the π 0 -η mixing is expected to enhance considerably δ b f Kπ + (q 2 ) with respect to δ f f Kπ + (q 2 ). One may be tempted, to a first approximation, to neglect the disconnected diagrams but this cannot be done because they are needed in order to cancel non physical terms (t∆E P ) contributing to the slope of the connected diagrams,
The ∆E P contribution to the slope corresponds to the QIB correction to the energy of a meson, a copy of the physical pions, having as valence quarks a physical u (or d) and an additional light quark, also of mass m ud , but not contained into the isospin doublet. This term is of the same size of ∆E K , as we have explicitly checked numerically by using the slopes extracted from two point functions (eq. (30)), whereas it cannot be present in physical kaon-to-pion three point correlation functions because of isospin symmetry. Indeed the correction to the energy of the physical pions vanishes at first order in ∆m ud . In order to calculate δ f f Kπ + (q 2 ) we need an expression for δ f R µ Kπ (t). From eq. (25) we get
We now come to the numerical results. In Figure 6 we show the ratios R 0 DK (t), left panel, and R 0 Kπ (t), right panel, from which we extract the form factors. In Figure 7 we show δR In a separate paper we shall calculate disconnected diagrams and the missing contribution δ b f Kπ + (q 2 ) and refine our findings by improving the statistics, by repeating the calculation at several values of m ud and by performing chiral and continuum extrapolations. For the time being, we get
As anticipated a few paragraph above, the fact that this result is two order of magnitude smaller than the one quoted in eq. (27) is not surprising in view of the chiral perturbation theory analysis performed in ref. [28] . The enhancement of the missing contribution, δ b f Kπ + (q 2 ), is indeed traced back to the π 0 -η mixing.
Conclusions and Outlooks
In this paper we have proposed a new method to compute with high precision leading QCD isospin breaking effects in relevant physical quantities at the lowest non trivial order in the up-down mass difference. The method can be easily extended with minor modifications to higher orders. We have computed the corrections to meson and nucleon masses, meson decay constants and weak form factors, showing that, in spite of the limited statistics, our approach is already competitive, or even better, than other non perturbative calculations based on effective chiral lagrangians.
To obtain the complete physical results, our method has to be combined with calculations of the electromagnetic corrections which will be the subject of a future investigation. In this paper, for a comparison with calculations in different theoretical frameworks, we have taken the electromagnetic corrections to the meson masses evaluated in ref. [18] .
As the method looks very promising, we are planning to extend this pioneering work to other physical observables.
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The critical mass m cr (g 2 0 ) has been taken from ref. [30] . Concerning our work, the choice of the maximally twisted Wilson lattice formulation has advantages and drawbacks. The big advantage is automatic O(a) improvement [31] . The drawback is the breaking of isospin symmetry at finite lattice spacing even with ∆m ud = 0. Indeed, by letting the physical u and d fields to coincide with the fields + and − , by taking m = m ud and by identifying L 0 with L T M , eq. (7) ceases to be valid at fixed cutoff. This happens because of the interference between the τ 3 matrix appearing withinŜ and the τ 3 appearing in the twisted critical Wilson term,
Notice however that it remains true that Ŝ 0 = 0 owing to the invariance of the TM lattice action under parity times + ↔ − interchange. Since eq. (65) represent a mere O(a 2 ) cutoff effect we have chosen to neglect the corresponding contributions to the correlation functions considered in the text. This procedure actually corresponds to work within the mixed action approach of ref. [32] and, at the price of introducing O(a 2 ) unitarity violations, preserves O(a) improvement of physical quantities.
To clarify the point, let's first consider the discretized version of eqs. (22), namely
In the previous equations we have explicitly shown a label indicating the flavour of each propagator and the corresponding sign of the term ± γ 5 W [U ] appearing in its kinetic operator. The important point to note is that in the valence we have chosen the signs of the Wilson terms of the up and down quarks independently from the choice made in the sea, where the two quarks must necessarily have opposite signs in order to deal with a real positive fermionic action, and that this choice is legitimately observable dependent. In this particular case the results are correlation functions with much smaller lattice artifacts and statistical errors with respect to the other possible choices, e.g. Tr γ 5 G s+ (0, x)γ 5 G + (x, 0) .
Analogously we can choose conveniently the sign in front of the Wilson term for the valence quarks entering three point correlation functions. As an example we discuss explicitly the case of eq. (25), namely
As it can be seen, in order to have mesons interpolated by operators of the form¯ + γ 5 − (the ones entailing smaller discretization and statistical errors), here we have chosen the sign of the u quark Wilson term opposite with respect to that in eqs. (66). The discussion of eq. (26) is considerably more involved because of the presence of a neutral pion in the physical correlation functions. A convenient lattice discretization of the correlator of eq. (26) can be also obtained within the mixed action approach but since the calculation of δ b f Kπ (q 2 ) will be the subject of a future work we don't discuss here this point.
For the different gauge ensembles used in this work the values of the lattice spacing a (ref. [19] ), of the strange valence quark mass (ref. [19] ) and of the renormalization constant Z P (ref. [33] ) are given in Table A . The values of Z P are relevant because in the maximally TM formulation one has [29, 32] ∆m udq τ 3 q = Z ∆m ∆m 
can be obtained by applying perturbation theory with respect to ∆m ud (see refs. [34] [35] [36] for related works). Let us analyze in detail the case of 
is flavour diagonal and does not open any decay channel for the K and D mesons. Furthermore charged meson states do not mix with the corresponding neutral states. By considering lattice states |n L normalized to one, n L |n L = 1, we can use the well known formulae
connecting, at first order, the states and the eigenvalues of the unperturbed isospin symmetric theory with the corresponding quantities of the perturbed theory. First order corrections for the relativistically covariant states, n|n = 2E n , are then readily obtained by changing the normalization,
In the case of |D + , by proceeding along the same lines, we get
The expansion of the matrix element K 0 |V In order to obtain the explicit expression of the QIB correction to the correlator of eq. (70) we should also expand the exponentials and the matrix elements of the interpolating operators. The explicit expression of δρ D,K is not needed, because these terms cancel in the final expression of δR µ DK , while the expansion of the exponential factors is easily obtained,
Eqs. (75) and (76), combined with the diagrammatic expansion of our correlation function derived in section 3, i.e.
give us an explicit expression for the first term entering the δR µ DK formula, namely
By repeating the same arguments for the other correlation functions of eqs. (53) and (54), it is straightforward to obtain explicit expressions for the remaining three terms appearing into the expression of δR 
The proof of the δR 
